
Âàðèàíò 1

1. Íàéòè ñèëüíî ñâÿçíûå êîìïîíåíòû îðèåíòèðîâàííîãî ãðàôà G = (V,E) :
V = {a, b, c, d, e, f, g, h};
E = {(a, f), (b, d), (g, h), (h, f), (f, g), (d, c), (c, b), (g, d), (a, e), (e, a)}.
(10)

2. Ïîñòðîèòü àëãîðèòì, êîòîðûé ðàñïîçíàâàë áû, åñòü ëè â äàííîì îðèåíòèðîâàííîì ãðàôå,
ðåáðàì êîòîðîãî ïðèïèñàíû ïîëîæèòåëüíûå è îòðèöàòåëüíûå ñòîèìîñòè, öèêë îòðèöàòåëüíîé
ñòîèìîñòè. (Óêàçàíèå: ìîäèôèöèpóéòå àëãîpèòì Óîpøîëëà-Ôëîéäà).
(20)

3. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â äâóäîëüíîì ãðàôå, èñïîëüçóÿ ñâåäåíèå ê çàäà÷å î
ìàêñèìàëüíîì ïîòîêå äëÿ ïðîñòîé ñåòè. G =< {v1, v2, v3, v4}, {u1, u2, u3, u4, u5},
E = {(v1, u3), (v1, u4),
(v1, u5), (v2, u2), (v3, u1), (v3, u2), (v4, u2)}.
(15)
4. Ïðåäëîæèòå àëãîðèòì äëÿ ïðîöåäóðû ÏÐÎÒßÍÓÒÜ è îöåíèòå åãî ñëîæíîñòü.
(20)

5. Ïóñòü G = (V,E) � äâóäîëüíûé ãðàô ñ ðàâíîìîùíûìè äîëÿìè, ò.å. V = X ∪ Y, X ∩ Y =
∅ è |X| = |Y |. Ñîâåðøåííûì ïàðîñî÷åòàíèåì â òàêîì ãðàôå íàçûâàåòñÿ ïàðîñî÷åòàíèå, â
êîòîðîå âõîäÿò âñå âåðøèíû. Äëÿ êàæäîãî ïîäìíîæåñòâà âåðøèí U ⊆ V îïðåäåëèì ìíîæåñòâî
ñîñåäíèõ âåðøèí N(U) = {w|∃u ∈ U [(u, w) ∈ E]}. Äîêàæèòå, ÷òî â G ñóùåñòâóåò ñîâåðøåííîå
ïàðîñî÷åòàíèå òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî A ⊆ X âûïîëíåíî |A| ≤ |N(A)| (òåîðåìà
Õîëëà).
(25)

6. Èñïîëüçóÿ àëãîðèòì 4Ð, âû÷èñëèòü ïðîèçâåäåíèå áóëåâûõ ìàòðèö C = A ∗B :

A =


1 1 0 0
1 1 0 1
0 0 1 1
1 0 0 1

 B =


1 1 1 0
0 0 1 0
1 0 0 0
0 1 1 0


(15)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 5õ5 ìàòðèö,
èñïîëüçóÿ 50 îïåðàöèé óìíîæåíèÿ è 120 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè äëÿ
óìíîæåíèÿ n×n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìàØòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî G = T (D)× C × F, ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå ìàòðèöû D.
(20)
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Âàðèàíò 2

1. Èñïîëüçóÿ àëãîðèòì Óîðøîëëà-Ôëîéäà, íàéäèòå êðàò÷àéøèå ðàññòîÿíèÿ ìåæäó âåðøèíàìè
ãðàôà ñ ìàòðèöåé ðàññòîÿíèé :

C =

- 8 3 - 12
- - 9 2 6
7 4 - - 8
- 1 6 - -
- - 1 5 -

( çíàê '-' îçíà÷àåò îòñóòñòâèå ñîîòâåòñòâóþùåãî ðåáðà ).
2. Òðàíçèòèâíàÿ ðåäóêöèÿ îðèåíòèðîâàííîãî ãðàôà G = (V,E) � ýòî ãðàô G′ = (V,E′)

ñ ìèíèìàëüíûì ÷èñëîì ðåáåð, òðàíçèòèâíîå çàìûêàíèå êîòîðîãî ñîâïàäàåò ñ òðàíçèòèâíûì
çàìûêàíèåì G. Ïîñòðîéòå àëãîðèòì íàõîæäåíèÿ òðàíçèòèâíîé ðåäóêöèè îðèåíòèðîâàííîãî
ãðàôà è îöåíèòå åãî ñëîæíîñòü.
(20)

3. Èñïîëüçóÿ àëãîðèòì Ôîðäà-Ôàëêåðñîíà, ïîñòðîèòü ìàêñèìàëüíûé ïîòîê äëÿ ñåòè N :
{(s, v1, 7), (s, v2, 2), (s, v3, 3), (v1, v2, 4), (v1, t, 2), (v2, v3, 2), (v2, t, 3), (v3, t, 6)}.
(15)

4. Ïðåäëîæèòå àëãîðèòì, êîòîðûé ïî ñåòè N è ìàêñèìàëüíîìó ïîòîêó â íåé fm íàõîäèò
òàêîå ðåáðî, óâåëè÷åíèå ïðîïóñêíîé ñïîñîáíîñòè êîòîðîãî ïðèâîäèò ê óâåëè÷åíèþ ìàêñèìàëüíîãî
ïîòîêà. Îöåíèòå åãî ñëîæíîñòü.
(20)

5. Íàçîâåì çàïàñîì ñâÿçíîñòè íåîðèåíòèðîâàííîãî ãðàôà ìèíèìàëüíîå ÷èñëî ðåáåð, êîòîðûå
íåîáõîäèìî óäàëèòü, ÷òîáû ñäåëàòü åãî íåñâÿçíûì. Íàïðèìåð, äëÿ äåðåâà ýòî ÷èñëî ðàâíî 1,
äëÿ ïðîñòîãî öèêëà � 2. ×åìó îíî ðàâíî äëÿ ïîëíîãî n-âåðøèííîãî ãðàôà? Êàêîâà ñëîæíîñòü
"ïåðåáîðíîãî"àëãîðèòìà äëÿ íàõîæäåíèÿ çàïàñà ñâÿçíîñòè? Ïîñòðîéòå àëãîðèòì âû÷èñëåíèÿ
çàïàñà ñâÿçíîñòè ïî ãðàôó, èñïîëüçóþùèé ñâåäåíèå ýòîé çàäà÷è ê çàäà÷å íàõîæäåíèÿ ìàêñèìàëüíîãî
ïîòîêà è îöåíèòå åãî ñëîæíîñòü.
(20)

6. Íàéòè ÍÂÏ-ðàçëîæåíèå ìàòðèöû À:

A =


0 5 0 0
−2 0 0 0
0 0 1 3
0 1 2 0


(20)

7. Ïðåäïîëîæèì, ÷òî ìû óìååì ïåðåìíîæàòü äâå (3 õ 3) ìàòðèöû, èñïîëüçóÿ k óìíîæåíèé.
Êàêîâà òîãäà ñëîæíîñòü óìíîæåíèÿ ìàòðèö ðàçìåðà (n × n) (êàê ïðè èñïîëüçîâàíèè ìåòîäà
Øòðàññåíà)? Ïðè êàêîì k ýòî ïîçâîëèëî áû óëó÷øèòü îöåíêó Øòðàññåíà?
(15)

8. Ïóñòü ïðè âû÷èñëåíèè ïðîèçâåäåíèÿ áóëåâûõ ìàòðèö ìîæíî èñïîëüçîâàòü îïåðàöèè íàä
äâîè÷íûìè âåêòîðàìè. Ïîêàçàòü, ÷òî àëãîðèòì 4Ð ìîæíî ñ èñïîëüçîâàíèåì òàêèõ îïåðàöèé
âûïîëíèòü çà O(n2/ log n) øàãîâ.
(20)
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Âàðèàíò 3

1.Îïðåäåëèòü, èñïîëüçóÿ àëãîðèòì Áåëëìàíà-Ôîðäà, äëÿ çàäàííîãî îðèåíòèðîâàííîãî íàãðóæåííîãî
ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû a äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â
îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ ïóòåé ëèáî âûÿâèòü äîñòèæèìûé èç öèêë
îòðèöàòåëüíîé äëèíû.
V = {a, b, c, d, e}, E = {(a, b; 12), (a, c; 25), (a, d; 40), (a, f ; 25), (d, e;−15), (b, c; 12), (b, d; 25), (b, e; 10),
(c, d; 10), (c, f ;−4), (f, b;−10)},
(çäåñü êàæäàÿ ñêîáêà (u, v;D) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ"c(u, v) = D ).
(10)

2. Äîêàæèòå, ÷òî â àöèêëè÷åñêîì îðèåíòèðîâàííîì ãðàôåG, àëãîðèòì ÏÎÃ+post (ñ íóìåðàöèåé
ïîñëå âûçîâà ïðîöåäóðû ÏÎÈÑÊ) íóìåðóåò âåðøèíû â îáðàòíîì òîïîëîãè÷åñêîì ïîðÿäêå (ò.å.
åñëè HOM(v) < HOM(u), òî â ãpàôå íåò ïyòè èç v â u).
(20)

3. Ïîñòðîèòü âñïîìîãàòåëüíóþ ñåòü è òóïèêîâûé ïîòîê â íåé äëÿ ñëåäóþùåé ñåòè ( ôîðìàò:
(v, u, c(v, u), f(v, u))) : (s, v1, 7, 5), (s, v4, 3, 2), (s, v6, 3, 2), (v1, v2, 6, 5), (v2, v3, 8, 4), (v2, v4, 2, 1),
(v2, v5, 4, 3), (v3, v5, 3, 1), (v3, t, 4, 3), (v5, t, 6, 5), (v5, v7, 1, 1), (v7, t, 2, 1).
(15)

4. Äîêàçàòü, ÷òî äëèíû âñåõ ïóòåé èç s â t âî âñïîìîãàòåëüíîé ñåòè AN(f) îäèíàêîâû è
ðàâíû äëèíå êðàò÷àéøåãî óâåëè÷èâàþùåãî ïóòè â N ñ ïîòîêîì f.
(20)

5. Ïî äîãîâîðó ñ ðåñòîðàíîì ïîñòàâùèê äîëæåí îáåñïå÷èâàòü ïîñòàâêó di ñàôåòîê â i-ûé
äåíü â òå÷åíèå n äíåé. Ñàëôåòêè ìîæíî ïîêóïàòü ïî öåíå a ðóáëåé çà øòóêó èëè îòäàâàòü â
ñòèðêó ñòàðûå ñàëôåòêè. Îáû÷íàÿ ñòèðêà îäíîé ñàëôåòêè ñòîèò b ðóá. è òðåáóåò äâóõ äíåé,
ýêñïðåññ-ñòèðêà îäíîé ñàëôåòêè îáõîäèòñÿ â c ðóá. è îíè ãîòîâû ÷åðåç îäèí äåíü. Îïðåäåëèòü
îïòèìàëüíóþ ïîëèòèêó ïîñòàâùèêà ïî çàêóïêå è ñòèðêå ñàëôåòîê (ò.å. ïîëèòèêó, ìèíèìèçèðóþùóþ
åãî çàòðàòû). Îöåíèòü ñëîæíîñòü ïîëó÷èâøåãîñÿ àëãîðèòìà.
(25)

6. Èñïîëüçóÿ ÍÂÏ-ðàçëîæåíèå ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé:
3z + u = 10
3u = 21
x− y + u = 11
2x + 3y = −2.
(20)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 4õ4 ìàòðèö,
èñïîëüçóÿ 50 îïåðàöèé óìíîæåíèÿ è 120 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè äëÿ
óìíîæåíèÿ n×n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìàØòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî E = F ×B × T (D), ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå ìàòðèöû D.
(20)
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Âàðèàíò 4

1. Íàéòè ìèíèìàëüíîå îñòîâíîå äåðåâî äëÿ íåîðèåíòèðîâàííîãî ãðàôà G = (V,E), ãäå V =
{v1, v2, v3, v4, v5, v6, v7, v8, v9}, E = {(v1, v2, 18), (v1, v3, 2), (v3, v2, 4), (v3, v4, 6), (v3, v5, 8), (v4, v6, 5),
(v5, v4, 4), (v6, v1, 7), (v6, v8, 4), (v6, v7, 3), (v7, v5, 1), (v7, v8, 7), (v8, v1, 5), (v8, v9, 3), (v9, v1, 1)}
(òðåòèé ïàðàìåòð â ñêîáêàõ - äëèíà ðåáðà).
(10)

2. Ïóñòü G = (V,E) � ýòî îðèåíòèðîâàííûé âçâåøåííûé ãðàô ñ âåñîâîé ôóíêöèåé
c : E → {0, 1, . . . ,M−1}, ãäå M > 0 � öåëîå ÷èñëî. Ìîäèôèöèðîâàòü àëãîðèòì Äåéêñòðû, ÷òîáû
îí íàõîäèë â òàêîì ñëó÷àå êðàò÷àéøèå ïóòè èç îäíîé âåðøèíû çà âðåìÿ O(M ∗ |V |+ |E|)
( åùå ëó÷øå ïîëó÷èòü ñëîæíîñòü O(|V |+ |E| log M) ).
(20)

3. Ïîñòðîèòü, èñïîëüçóÿ àëãîðèòì ÌÀÕÏ, ìàêñèìàëüíûé ïîòîê äëÿ ñëåäóþøåé ñåòè
( ôîðìàò: (v, u, c(v, u))): (s, v1, 6), (s, v2, 2), (s, v3, 5), (v1, v4, 2), (v2, v5, 3), (v3, v6, 3), (v6, v2, 2), (v4, t, 3),
(v5, t, 5), (v1, v5, 3), (v6, t, 2).
(15)

4. Ïðåäïîëîæèì, ÷òî èçâåñòåí ìàêñèìàëüíûé ïîòîê fm â ñåòèN = (V,E, s, t; c) è ïðîïóñêíûå
ñïîñîáíîñòè âñåõ ðåáåð � öåëûå ÷èñëà.

Ïðåäïîëîæèì, ÷òî ïðîïóñêíàÿ ñïîñîáíîñòü íåêîòîðîãî ðåáðà (u, v) óâåëè÷èëàñü íà 1: c′(u, v) =
c(u, v) + 1. Ïðåäëîæèòå àëãîðèòì, íàõîäÿùèé ìàêñèìàëüíûé ïîòîê äëÿ èçìåíåííîé ñåòè çà
âðåìÿ O(|V |+ |E|).
(20)

5. Ïóñòü åñòü n ìóæ÷èí, n æåíùèí è m áðà÷íûõ êîíòîð, êàæäàÿ èç êîòîðûõ èìååò ñïèñîê
ìóæ÷èí è æåíùèí, ÿâëÿþùèõñÿ åå êëèåíòàìè (ñïèñêè ðàçíûõ êîíòîð ìîãóò ïåðåñåêàòüñÿ),
ìåæäó ëþáîé ïàðîé êîòîðûõ îíà ìîæåò óñòðîèòü áðàê. Äëÿ êàæäîé êîíòîðû i, 1 ≤ i ≤
m, çàäàíî ìàêñèìàëüíîå ÷èñëî b(i) áðàêîâ, êîòîðîå îíà ìîæåò óñòðîèòü. Ïîñòðîèòü ñåòü,
ìàêñèìàëüíûé ïîòîê â êîòîðîé ñîîòâåòñòâóåò íàõîæäåíèþ ìàêñèìàëüíîãî ÷èñëà âîçìîæíûõ
áðàêîâ.
(20)

6. Èñïîëüçóÿ àëãîðèòìØòðàññåíà äëÿ íåêîòîðîãî (êàêîãî?) êîëüöà, âû÷èñëèòü ïðîèçâåäåíèå
áóëåâûõ ìàòðèö C = A ∗B :

A =


1 1 0 0
1 1 0 1
0 0 1 1
1 0 0 1

 B =


1 1 1 0
0 0 1 0
1 0 0 0
0 1 1 0


(15)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 6õ6 ìàòðèö,
èñïîëüçóÿ 100 îïåðàöèé óìíîæåíèÿ è 200 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè
äëÿ óìíîæåíèÿ n × n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìà
Øòðàññåíà?
(15)

8. Ïóñòü P è A � äâå (n×n) ìàòðèöû, ïðè÷åì P � ýòî ìàòðèöà ïåðåñòàíîâêè. Äîêàæèòå, ÷òî
ìàòðèöà PA ïîëó÷àåòñÿ èç A ïåðåñòàíîâêîé ñòðîê, à AP � ïåðåñòàíîâêîé ñòîëáöîâ. Äîêàæèòå,
÷òî P îáðàòèìà è P−1 = PT (îáðàòíàÿ ðàâíà òðàíñïîíèðîâàííîé).
(20)
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Âàðèàíò 5

1. Ïîñòðîèòü ñ ïîìîùüþ ïîèñêà â øèðèíó îñòîâíîé ëåñ äëÿ íåîðèåíòèðîâàííîãî ãðàôà
G = (V,E), ãäå
V = {v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11},
E = {(v1, v2), (v1, v5), (v1, v6), (v2, v6), (v3, v4), (v4, v7), (v3, v7), (v8, v3), (v3, v11), (v8, v7), (v8, v11)(v9, v10).}
Ïðèìåíèòü ê ýòîìó æå ãðàôó ïîèñê â ãëóáèíó è îïðåäåëèòü ñîîòâåòñòâóþùóþ íóìåðàöèþ.
(10)

2. Äîêàæèòå êîððåêòíîñòü àëãîðèòìà ïîñòðîåíèÿ êðàò÷àéøèõ ïóòåé èç îäíîé âåðøèíû äëÿ
îðèåíòèðîâàííûõ àöèêëè÷åñêèõ ãðàôîâ è âûâåäèòå îöåíêó O(|V |+ |E|) åãî ñëîæíîñòè.
(20)

3. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â äâóäîëüíîì ãðàôå G, èñïîëüçóÿ ñâåäåíèå ê çàäà÷å
î ìàêñèìàëüíîì ïîòîêå äëÿ ïðîñòîé ñåòè. G =< {v1, v2, v3, v4}, {u1, u2, u3, u4, u5},
E = {(v1, u4), (v1, u5), (v2, u1), (v2, u2), (v2, u3), (v3, u1), (v3, u4), (v4, u4)} >.
(15)

4. Ïðåäïîëîæèì, ÷òî èçâåñòåí ìàêñèìàëüíûé ïîòîê fm â ñåòèN = (V,E, s, t; c) è ïðîïóñêíûå
ñïîñîáíîñòè âñåõ ðåáåð � öåëûå ÷èñëà.

Ïðåäïîëîæèì, ÷òî ïðîïóñêíàÿ ñïîñîáíîñòü íåêîòîðîãî ðåáðà (u, v) óìåíüøèëàñü íà 1: c′(u, v) =
c(u, v) − 1. Ïðåäëîæèòå àëãîðèòì, íàõîäÿùèé ìàêñèìàëüíûé ïîòîê äëÿ èçìåíåííîé ñåòè çà
âðåìÿ O(|V |+ |E|).
(20)

5. Ôîðìàëèçóéòå àëãîðèòì ïîñòðîåíèÿ óñòîé÷èâîãî ïàðîñî÷åòàíèÿ è äîêàæèòå, ÷òî îí âñåãäà
çàâåðøàåòñÿ è âûäàåò òðåáóåìûé ðåçóëüòàò.
(25)

6. Èñïîëüçóÿ àëãîðèòì 4Ð, âû÷èñëèòü ïðîèçâåäåíèå áóëåâûõ ìàòðèö C = A ∗B :

A =


1 1 1 0
1 1 0 1
0 0 0 1
1 0 0 0

 B =


1 1 1 0
0 0 1 0
1 0 1 1
0 1 1 0


(15)

7. Ïðåäïîëîæèì, ÷òî ìû óìååì ïåðåìíîæàòü äâå (7 õ 7) ìàòðèöû, èñïîëüçóÿ k óìíîæåíèé.
Êàêîâà òîãäà ñëîæíîñòü óìíîæåíèÿ ìàòðèö ðàçìåðà (n × n) (êàê ïðè èñïîëüçîâàíèè ìåòîäà
Øòðàññåíà)? Ïðè êàêîì k ýòî ïîçâîëèëî áû óëó÷øèòü îöåíêó Øòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî G = T (D)× C × F, ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå ìàòðèöû D.
(20)
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Âàðèàíò 6

1.Îïðåäåëèòü, èñïîëüçóÿ àëãîðèòì Äåéêñòðû, äëÿ çàäàííîãî îðèåíòèðîâàííîãî íàãðóæåííîãî
ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû a äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â
îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ ïóòåé.
V = {a, b, c, d, e},
E = {(a, b; 12), (a, c; 16), (a, d; 15), (a, e; 35), (b, d, 2), (b, c; 4), (b, e; 10), (c, e; 10), (c, a; 3), (d, e; 15)},
(çäåñü êàæäàÿ ñêîáêà (u, v;D) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ"c(u, v) = D ).
(10)

2. Ïyñòü â påçyëüòàòå âûïîëíåíèÿ àëãîpèòìà ÏÎÃ íà îpèåíòèpîâàííîì ãpàôå G = (V,E)
äyãà (v, w) îêàçàëàñü ïîïåpå÷íîé, ò.å. v è w íå ÿâëÿþòñÿ ïîòîìêàìè äpyã äpyãà â ïîñòpîåííîì
îñòîâíîì ëåñå T . Äîêàçàòü, ÷òî òîãäà NUM [v] > NUM [w].
(20)

3. Èñïîëüçóÿ àëãîðèòì Ôîðäà-Ôàëêåðñîíà, ïîñòðîèòü ìàêñèìàëüíûé ïîòîê äëÿ ñåòè N :
{(s, v1, 6), (s, v2, 2), (s, v3, 5), (v1, v3, 3), (v1, t, 2), (v3, v2, 1), (v2, t, 4), (v3, t, 4)}.
(15)

4. Ïðåäëîæèòå àëãîðèòì, êîòîðûé ïî ñåòè N è ìàêñèìàëüíîìó ïîòîêó â íåé fm íàõîäèò
òàêîå ðåáðî, óìåíüøåíèå ïðîïóñêíîé ñïîñîáíîñòè êîòîðîãî ïðèâîäèò ê óìåíüøåíèþ ìàêñèìàëüíîãî
ïîòîêà. Îöåíèòå åãî ñëîæíîñòü.
(20)

5. Ïóñòü îáîáùåííàÿ ñåòü - ýòî ñåòü, â êîòîðîé èìååòñÿ íåñêîëüêî èñòî÷íèêîâ � âåðøèí
s1, . . . , sk, â êîòîðûå íå âõäÿò äóãè, è íåñêîëüêî ñòîêîâ � âåðøèí t1, . . . , tm, èç êîòîðûõ íå
âûõîäÿò äóãè. Ïîêàçàòü, ÷òî çàäà÷ó î ìàêñèìàëüíîì ïîòîêå â îáîáùåííîé ñåòè ìîæíî ñâåñòè
ê çàäà÷å î ìàêñèìàëüíîì ïîòîêå â "îáû÷íîé"ñåòè.
(20)

6. Íàéòè ÍÂÏ-ðàçëîæåíèå ìàòðèöû À:

A =


0 0 0 3
0 0 6 −2
0 1 0 0
4 1 0 0


(20)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 10õ10 ìàòðèö,
èñïîëüçóÿ 750 îïåðàöèé óìíîæåíèÿ è 1220 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè
äëÿ óìíîæåíèÿ n × n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìà
Øòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî E = F ×B × T (D), ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå ìàòðèöû D.
(20)
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Âàðèàíò 7

1.Îïðåäåëèòü, èñïîëüçóÿ àëãîðèòì Áåëëìàíà-Ôîðäà, äëÿ çàäàííîãî îðèåíòèðîâàííîãî íàãðóæåííîãî
ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû a äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â
îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ ïóòåé ëèáî âûÿâèòü äîñòèæèìûé èç à öèêë
îòðèöàòåëüíîé äëèíû.
V = {a, b, c, d, e}, E = {(a, b; 12), (a, c; 25), (a, d; 40), (a, f ; 25), (d, e;−15), (b, c; 12), (b, d; 25),
(b, e; 10), (c, d; 10), (c, f ;−4), (f, b;−10)},
(çäåñü êàæäàÿ ñêîáêà (u, v;D) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ"c(u, v) = D ).
(10)

2. Ðàññìîòpèòå ìîäèôèêàöèþ àëãîpèòìà ÏÎØ äëÿ îpèåíòèpîâàííîãî ãpàôà G = (V,E), â
êîòîpîé äëÿ êàæäîé v èç V çàäàí ñïèñîê ñîñåäåé Lv = {w|(v, w) ∈ E}, â ñòpîêy 5 äîáàâëåí
îïåpàòîp T := {}, à â ñòpîêy 12 äîáàâëåí îïåpàòîp T := T∪{(w, u)}; Ïîêàæèòå, ÷òî ïîëy÷åííûé
àëãîpèòì íyìåpyåò âñå âåpøèíû ãpàôà è ñòpîèò îñòîâíîé ëåñ T .
(20)

3. Ïîñòðîèòü âñïîìîãàòåëüíóþ ñåòü è òóïèêîâûé ïîòîê â íåé äëÿ ñëåäóþùåé ñåòè ( ôîðìàò:
(v, u, c(v, u), f(v, u))) : (s, v1, 7, 6), (s, v4, 3, 2), (s, v6, 3, 2), (v1, v2, 7, 6), (v2, v3, 8, 4), (v2, v6, 2, 2),
(v2, v5, 4, 3), (v3, v5, 3, 1), (v3, t, 4, 3), (v5, t, 6, 5), (v5, v7, 1, 1), (v7, t, 2, 1).
(15)

4. Ïîêàçàòü, ÷òî äëÿ ïðîñòîé ñåòèN ñ ïîòîêîì f , èìåþùèì çíà÷åíèÿ 0 èëè 1, âñïîìîãàòåëüíàÿ
ñåòü AN(f) ÿâëÿåòñÿ ïðîñòîé.
(20)

5. Ïðåäïîëîæèì, ÷òî èçâåñòåí ìàêñèìàëüíûé ïîòîê fm â ñåòèN = (V,E, s, t; c) è ïðîïóñêíûå
ñïîñîáíîñòè âñåõ ðåáåð � öåëûå ÷èñëà. Ïðåäïîëîæèì, ÷òî ïðîïóñêíàÿ ñïîñîáíîñòü íåêîòîðîãî
ðåáðà (u, v) óâåëè÷èëàñü íà 1: c′(u, v) = c(u, v)+1. Ïðåäëîæèòå àëãîðèòì, íàõîäÿùèé ìàêñèìàëüíûé
ïîòîê äëÿ èçìåíåííîé ñåòè çà âðåìÿ O(|V |+ |E|). Ïðåäëîæèòå òàêæå àëãîðèòì, ðåøàþùèé òó
æå çàäà÷ó â ñëó÷àå óìåíüøåíèÿ ïðîïóñêíîé ñïîñîáíîñòè ðåáðà (u, v) íà 1. (20)

6. Èñïîëüçóÿ ÍÂÏ-ðàçëîæåíèå ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé:
3z + u = −2
3u = 12
x− y + u = 1
2x + 2z = −6.
(20)

7. Ïðåäïîëîæèì, ÷òî ìû óìååì ïåðåìíîæàòü äâå (5 õ 5) ìàòðèöû, èñïîëüçóÿ k óìíîæåíèé.
Êàêîâà òîãäà ñëîæíîñòü óìíîæåíèÿ ìàòðèö ðàçìåðà (n × n) (êàê ïðè èñïîëüçîâàíèè ìåòîäà
Øòðàññåíà)? Ïðè êàêîì k ýòî ïîçâîëèëî áû óëó÷øèòü îöåíêó Øòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî H = T (D) + T (D)F × C × F ×B × T (D), ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå
ìàòðèöû D.
(20)
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Âàðèàíò 8

1. Ïîñòðîèòü ñ ïîìîùüþ ïîèñêà â øèðèíó îñòîâíîé ëåñ äëÿ îðèåíòèðîâàííîãî ãðàôà G =
(V,E), ãäå V = {v1, v2, v3, v4, v5, v6, v7, v8, v9, v10, v11}, E = {(v1, v2), (v1, v5), (v1, v6), (v2, v6),
(v4, v3), (v4, v7), (v3, v7), (v8, v3), (v8, v11), (v8, v7), (v8, v10)(v9, v10)}.
Ïðèìåíèòü ê ýòîìó æå ãðàôó ïîèñê â ãëóáèíó è îïðåäåëèòü ñîîòâåòñòâóþùóþ íóìåðàöèþ.
(10)

2. Ïóñòü S =< V, T > � îñòîâíîå äåðåâî íàèìåíüøåé ñòîèìîñòè íàãðóæåííîãî íåîðèåíòèðîâàííîãî
ãðàôà G =< V,E >, |V | = n + 1 , ïîñòðîåííîå àëãîðèòìîì Êðóñêàëà è c1 ≤ c2 ≤ . . . ≤ cn �
ýòî óïîðÿäî÷åííàÿ ïîñëåäîâàòåëüíîñòü âåñîâ ðåáåð èç T . Ïóñòü S′ =< V, T ′ > � ïðîèçâîëüíîå
îñòîâíîå äåðåâî ñ âåñàìè ðåáåð d1 ≤ d2 ≤ ... ≤ dn. Ïîêàçàòü, ÷òî ci ≤ di äëÿ âñåõ i ∈ [1, n].
(20)

4. Ïîñòðîèòü, èñïîëüçóÿ àëãîðèòì ÌÀÕÏ, ìàêñèìàëüíûé ïîòîê äëÿ ñëåäóþøåé ñåòè
( ôîðìàò: (v, u, c(v, u))): (s, v1, 4), (s, v2, 1), (s, v3, 5), (v1, v4, 2), (v2, v5, 5), (v3, v6, 3), (v6, v2, 3), (v4, t, 3),
(v5, t, 5), (v1, v5, 2), (v6, t, 1).
(15)

5. Äîêàçàòü, ÷òî äëèíû âñåõ ïóòåé èç s â t âî âñïîìîãàòåëüíîé ñåòè AN(f) îäèíàêîâû è
ðàâíû äëèíå êðàò÷àéøåãî óâåëè÷èâàþùåãî ïóòè â N ñ ïîòîêîì f.
(20)

6. Ôîðìàëèçóéòå àëãîðèòì ïîñòðîåíèÿ óñòîé÷èâîãî ïàðîñî÷åòàíèÿ è îöåíèòå åãî ñëîæíîñòü.
(25)

7. Èñïîëüçóÿ àëãîðèòìØòðàññåíà äëÿ íåêîòîðîãî (êàêîãî?) êîëüöà, âû÷èñëèòü ïðîèçâåäåíèå
áóëåâûõ ìàòðèö C = A ∗B :

A =


1 0 0 0
1 1 0 1
0 0 1 1
1 0 0 1

 B =


1 1 1 0
0 1 1 0
1 0 0 0
0 1 1 1


(15)

8. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 4õ4 ìàòðèö,
èñïîëüçóÿ 56 îïåðàöèé óìíîæåíèÿ è 420 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè äëÿ
óìíîæåíèÿ n×n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìàØòðàññåíà?
(15)

8. Ïðåäëîæèòå ýôôåêòèâíûé àëãîðèòì äëÿ ïîñòðîåíèÿ "ìèíèìàëüíîãî"îñòîâíîãî äåðåâà
äëÿ íåîðèåíòèðîâàííîãî âçâåøåííîãî ãðàôà G = (V,E) ñ âåñîâîé ôóíêöèåé c : E → R, åñëè
"âåñîì"äåðåâà S = (V, T ) ñ÷èòàòü âåñ ñàìîãî òÿæåëîãî ðåáðà S, c(S) = max{c(e)|e ∈ T}. (20)
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Âàðèàíò 9

1. Íàéòè ñèëüíî ñâÿçíûå êîìïîíåíòû îðèåíòèðîâàííîãî ãðàôà G = (V,E) :
V = {a, b, c, d, e, f, g, h}; E = {(a, d), (d, b), (b.a), (h, f), (f, g), (d, c), (c, f), (e, c), (g, e), (e, a)}
(10)

2. Ðàññìîòðåòü àëãîðèòì ïîèñêà â øèðèíó äëÿ îðèåíòèðîâàííûõ ãðàôîâ. Ïîêàçàòü, ÷òî
åñëè â îðèåíòèðîâàííîì ãðàôå G ñóùåñòâóåò ïóòü èç íåêîòîðîé âåðøèíû r â ëþáóþ äðóãóþ
âåðøèíó, òî àëãîðèòì ÏÎØ(r) ñòðîèò ïîäãðàô S =< V, T >, êîòîðûé ñîäåðæèò â òî÷íîñòè
îäèí ïóòü èç r ê êàæäîé äðóãîé âåðøèíå, ïðè÷åì ýòî êðàò÷àéøèé ïóòü.
(20)

3. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â äâóäîëüíîì ãðàôå G, èñïîëüçóÿ ñâåäåíèå ê çàäà÷å
î ìàêñèìàëüíîì ïîòîêå äëÿ ïðîñòîé ñåòè. G =< {v1, v2, v3, v4, v5}, {u1, u2, u3, u4, u5},
E = {(v1, u1), (v1, u3), (v2, u2), (v2, u4), (v3, u1), (v4, u1), (v4, u3), (v5, u2)} >.
(15)

4. Äîêàçàòü, ÷òî àëãîðèòì ÏÎÂÑ ìîæíî ðåàëèçîâàòü çà âðåìÿ O(|V | + |E|) (óêàçàíèå:
èñïîëüçîâàòü äëÿ ïðåäñòàâëåíèÿ ac è af íå ìàññèâû, à ñïèñêè, ñâÿçàííûå ñ äóãàìè ñåòè).
(20)

5. Ïóñòü îáîáùåííàÿ ñåòü - ýòî ñåòü, äëÿ êàæäîé äóãè (u, v) êîòîðîé óêàçàíà êàê âåðõíÿÿ
c(u, v), òàê è íèæíÿÿ b(u, v) ãðàíèöà âåëè÷èíû ïîòîêà. Ïîêàçàòü, ÷òî çàäà÷ó î ìàêñèìàëüíîì
ïîòîêå â îáîáùåííîé ñåòè ìîæíî ñâåñòè ê çàäà÷å î ìàêñèìàëüíîì ïîòîêå â "îáû÷íîé"ñåòè.
(Ðàññìîòðèòå ñëó÷àé, êîãäà äëÿ êàæäîé v ñóììà b(u, v) ïî âõîäÿøèì â v äóãàì ðàâíà ñóììå
b(v, w) ïî âûõîäÿùèì èç v äóãàì).
(20)

6. Èñïîëüçóÿ àëãîðèòì 4Ð, âû÷èñëèòü ïðîèçâåäåíèå áóëåâûõ ìàòðèö C = A ∗B :

A =


1 1 1 0
1 1 0 1
1 0 1 0
1 0 0 1

 B =


1 1 1 0
0 0 1 0
0 1 1 0
0 1 1 0


(15)

7. Ïðåäïîëîæèì, ÷òî ìû óìååì ïåðåìíîæàòü äâå (6 õ 6) ìàòðèöû, èñïîëüçóÿ k óìíîæåíèé.
Êàêîâà òîãäà ñëîæíîñòü óìíîæåíèÿ ìàòðèö ðàçìåðà (n × n) (êàê ïðè èñïîëüçîâàíèè ìåòîäà
Øòðàññåíà)? Ïðè êàêîì k ýòî ïîçâîëèëî áû óëó÷øèòü îöåíêó Øòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî G = T (D)× C × F, ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå ìàòðèöû D.
(20)
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Âàðèàíò 10

1. Èñïîëüçóÿ àëãîðèòì ÄÂÓÑÂßÇ, íàéòè äâóñâÿçíûå êîìïîíåíòû ãðàôà G = (V,E):
V = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10},
E = {(1, 2), (2, 3), (2, 4), (3, 4), (4, 5), (5, 6), (5, 7), (6, 7), (7, 8), (6, 8), (6, 9), (6, 10), (10, 9)}.
(10)

2. Ïóñòü G = (V,E) � âçâåøåííûé îðèåíòèðîâàííûé ãðàô. Ïðåäëîæèòå àëãîðèòì, êîòîðûé
çà âðåìÿ O(|V | ∗ |E|) íàõîäèò äëÿ êàæäîé âåðøèíû v ∈ V âåëè÷èíó d(v) = min{r(u, v)|u ∈ V } ,
ãäå r(u, v) � ýòî êðàò÷àéøåå ðàññòîÿíèå îò u äî v.
(20)

3. Èñïîëüçóÿ àëãîðèòì Ôîðäà-Ôàëêåðñîíà, ïîñòðîèòü ìàêñèìàëüíûé ïîòîê äëÿ ñåòè N :
{(s, v1, 5), (s, v2, 3), (s, v3, 7), (v1, v2, 1), (v2, v1, 2), (v1, t, 7), (v3, v2, 4), (v2, t, 4), (v3, t, 2)}.
(15)

4. Íàéòè óñòîé÷èâîå ïàðîñî÷åòàíèå äëÿ ìíîæåñòâà "æåíèõîâ"X = {x1, x2, x3, x4, x5} è "íåâåñò"
Y = {y1, y2, y3, y4, y5}, ïðåäïî÷òåíèÿ êîòîðûõ çàäàíû ñëåäóþùèìè ìàòðèöàìè:

σ(X) =


1 2 3 4 5
1 5 4 3 2
1 2 4 5 3
2 4 1 3 5
2 4 3 5 1

 σ(Y ) =


4 5 1 2 3
4 5 2 3 1
2 3 4 1 5
1 2 3 4 5
3 4 2 5 1


(20)

5. Ïóñòü â ñåòè N = (V,E, s, t) çàäàíû ïðîïóñêíûå ñïîñîáíîñòè äóã c(e), e ∈ E è âåðøèí
d(v), v ∈ V . Ïîòîê ÷åðåç âåðøèíó v íå äîëæåí ïðåâûøàòü d(v). Ïîêàæèòå, êàê çàäà÷ó î
ìàêñèìàëüíîì ïîòîêå â òàêîé "îáîáùåííîé"ñåòè ìîæíî ñâåñòè ê çàäà÷å î ìàêñèìàëüíîì ïîòîêå
â "îáû÷íîé"ñåòè.
(20)

6. Èñïîëüçóéòå ïðåäûäóùóþ çàäà÷ó äëÿ ðåøåíèÿ ñëåäóþùåé çàäà÷è î âûõîäå.

Èìååòñÿ ãðàô G = (V,E), âåðøèíû êîòîðîãî ðàñïîëîæåíû â âåðøèíàõ ïðÿìîóãîëüíîé ïëîñêîé
ðåøåòêè V = {(i, j) |i = 1, . . . , n, j = 1, . . . , n, }. Ðåáðà ãðàôà � ýòî îòðåçêè, ñîåäèíÿþùèå
ñîñåäíèå âåðøèíû, â ÷àñòíîñòè, ó êàæäîé "âíóòðåííåé"âåðøèíû (i, j) èìååòñÿ 4 ñîñåäà (i −
1, j), (i, j + 1), (i + 1, j), (i, j − 1), ó 4-õ "óãëîâûõ"âåðøèí � ïî 2, à ó âåðøèí íà "ãðàíèöàõ
"ãðàôà � ïî 3. Ñêàæåì, ÷òî ïîäìíîæåñòâî èç m âåðøèí U ⊆ V èìååò âûõîä , åñëè ñóùåñòâóåò
m íåïåðåñåêàþùèõñÿ ïóòåé, ñîåäèíÿþùèõ âåðøèíû U ñ ãðàíè÷íûìè âåðøèíàìè ãðàôà G.
Ïðåäëîæèòå àëãîðèòì, êîòîðûé ïî G = (V,E) è ïîäìíîæåñòâó U ⊆ V îïðåäåëÿåò èìååò ëè U
âûõîä. Îöåíèòå åãî ñëîæíîñòü.
(20)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 8õ8 ìàòðèö,
èñïîëüçóÿ 500 îïåðàöèé óìíîæåíèÿ è 3120 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè
äëÿ óìíîæåíèÿ n × n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìà
Øòðàññåíà?
(15)

6. Ñêîëüêî ðàç ìîæåò ìåíÿòüñÿ äëÿ îäíîé âåðøèíû v çíà÷åíèå D[v] â õîäå ðàáîòû àëãîðèòìà
Äåéêñòðû äëÿ ãðàôà ñ n âåðøèíàìè. Ïðèâåñòè ïðèìåð íà êàæäûé âîçìîæíûé ñëó÷àé.
(20)
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Âàðèàíò 11

1. Èñïîëüçóÿ àëãîðèòì Óîðøîëëà ïîñòðîéòå òðàíçèòèâíîå çàìûêàíèå ãðàôà, çàäàííîãî

ñëåäóþùåé ìàòðèöåé: A =


0 1 1 0
0 0 1 0
0 1 1 0
1 0 0 1


(10)

2. Ïóñòü G = (V,E) � âçâåøåííûé îðèåíòèðîâàííûé ãðàô, c(e) ∈ [−∞,+∞]. Ïðåäëîæèòå
àëãîðèòì, êîòîðûé çà âðåìÿ O(|V | ∗ |E|) íàõîäèò äëÿ êàæäîé âåðøèíû v ∈ V âåëè÷èíó d(v) =
min{r(u, v)|u ∈ V } , ãäå r(u, v) � ýòî êðàò÷àéøåå ðàññòîÿíèå îò u äî v.
(20)

3. Ïîñòðîèòü âñïîìîãàòåëüíóþ ñåòü è òóïèêîâûé ïîòîê â íåé äëÿ ñëåäóþùåé ñåòè ( ôîðìàò:
(v, u, c(v, u), f(v, u))) : (s, v1, 7, 6), (s, v4, 3, 2), (s, v6, 3, 2), (v1, v2, 7, 6), (v2, v3, 8, 4), (v2, v4, 2, 1),
(v2, v6, 3, 1) (v2, v5, 4, 3), (v3, v5, 3, 1), (v3, t, 4, 3), (v5, t, 6, 5), (v5, v7, 1, 1), (v7, t, 2, 1).
(15)

4. Ïðåäëîæèòü àëãîðèòì äëÿ ïîèñêà âåðøèíû ñ ìèíèìàëüíûì ïîòåíöèàëîì â àëãîðèòìå
ÌÀÕÏ (ñòð. 12) è îöåíèòü åãî ñëîæíîñòü.
(15)

5. Ïî äîãîâîðó ñ ðåñòîðàíîì ïîñòàâùèê äîëæåí îáåñïå÷èâàòü ïîñòàâêó di ñàôåòîê â i-ûé
äåíü â òå÷åíèå n äíåé. Ñàëôåòêè ìîæíî ïîêóïàòü ïî öåíå a ðóáëåé çà øòóêó èëè îòäàâàòü â
ñòèðêó ñòàðûå ñàëôåòêè. Îáû÷íàÿ ñòèðêà îäíîé ñàëôåòêè ñòîèò b ðóá. è òðåáóåò äâóõ äíåé,
ýêñïðåññ-ñòèðêà îäíîé ñàëôåòêè îáõîäèòñÿ â c ðóá. è îíè ãîòîâû ÷åðåç îäèí äåíü. Îïðåäåëèòü
îïòèìàëüíóþ ïîëèòèêó ïîñòàâùèêà ïî çàêóïêå è ñòèðêå ñàëôåòîê (ò.å. ïîëèòèêó, ìèíèìèçèðóþùóþ
åãî çàòðàòû). Îöåíèòü ñëîæíîñòü ïîëó÷èâøåãîñÿ àëãîðèòìà.
(25)

6. Íàéòè ÍÂÏ-ðàçëîæåíèå ìàòðèöû À:

A =


0 0 0 5
0 2 −3 0
0 3 0 2
4 0 0 0


(20)

7. Ïðåäïîëîæèì, ÷òî ìû óìååì ïåðåìíîæàòü äâå (8 õ 8) ìàòðèöû, èñïîëüçóÿ k óìíîæåíèé.
Êàêîâà òîãäà ñëîæíîñòü óìíîæåíèÿ ìàòðèö ðàçìåðà (n × n) (êàê ïðè èñïîëüçîâàíèè ìåòîäà
Øòðàññåíà)? Ïðè êàêîì k ýòî ïîçâîëèëî áû óëó÷øèòü îöåíêó Øòðàññåíà?
(15)

8. Â äîê-âå òåîðåìû î ñâÿçè çàäà÷ óìíîæåíèÿ ìàòðèö è òðàíçèòèâíîãî çàìûêàíèÿ ãðàôîâ
ìàòðèöà èíöèäåíòíîñòè ãðàôà ñ n = 2 ∗ k âåðøèíàìè X ðàçáèâàëàñü íà 4 ïîäìàòðèöû:

X =
(

A B
C D

)
Ïóñòü ìàòðèöà òðàíçèòèâíîãî çàìûêàíèÿ

T (X) =
(

F E
G H

)
Ïîêàæèòå, ÷òî H = T (D) + T (D)F × C × F ×B × T (D), ãäå T (D) � òðàíçèòèâíîå çàìûêàíèå
ìàòðèöû D.
(20)
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Âàðèàíò 12

1. Íàéòè ñèëüíî ñâÿçíûå êîìïîíåíòû îðèåíòèðîâàííîãî ãðàôà G = (V,E) :
V = {a, b, c, d, e, f, g, h};
E = {(a, b), (d, a), (g, h), (h, f), (c, f), (b, d), (b, c), (e, c), (c, e), (c, f)}.
(10)

2. Ïóñòü ìàòðèöà R[1..n, 1..n] çàäàåò îòíîñèòåëüíûå êóðñû n âàëþò: R[i, j] - ñóììà â âàëþòå
j, íà êîòîðóþ ìîæíî îáìåíÿòü 1 åäèíèöó âàëþòû i. Ïîñòðîéòå ýôôåêòèâíûé àëãîðèòì, êîòîðûé
íàõîäèò ïóòü "âûãîäíîãî"îáìåíà íåêîòîðîé âàëþòû, ò.å. òàêîé öèêë i1, i2, . . . , ik, i1, ÷òîR[i1, i2]×
. . .×R[ik, i1] > 1.
(25)

3. Ïîñòðîèòü, èñïîëüçóÿ àëãîðèòì ÌÀÕÏ, ìàêñèìàëüíûé ïîòîê äëÿ ñëåäóþøåé ñåòè
( ôîðìàò: (v, u, c(v, u))): (s, v1, 4), (s, v2, 1), (s, v3, 5), (v1, v4, 3), (v2, v5, 5), (v3, v6, 3), (v6, v1, 3), (v4, t, 3),
(v5, t, 4), (v1, v5, 2), (v6, t, 1).
(15)

4. Äîêàçàòü, ÷òî àëãîðèòì ÏÎÂÑ ìîæíî ðåàëèçîâàòü çà âðåìÿ O(|V | + |E|) (óêàçàíèå:
èñïîëüçîâàòü äëÿ ïðåäñòàâëåíèÿ ac è af íå ìàññèâû, à ñïèñêè, ñâÿçàííûå ñ äóãàìè ñåòè).
(20)

5. Ïóñòü G = (V,E) � äâóäîëüíûé ãðàô ñ ðàâíîìîùíûìè äîëÿìè, ò.å. V = X ∪ Y, X ∩ Y =
∅ è |X| = |Y |. Ñîâåðøåííûì ïàðîñî÷åòàíèåì â òàêîì ãðàôå íàçûâàåòñÿ ïàðîñî÷åòàíèå, â
êîòîðîå âõîäÿò âñå âåðøèíû. Äëÿ êàæäîãî ïîäìíîæåñòâà âåðøèí U ⊆ V îïðåäåëèì ìíîæåñòâî
ñîñåäíèõ âåðøèí N(U) = {w|∃u ∈ U [(u, w) ∈ E]}. Äîêàæèòå, ÷òî â G ñóùåñòâóåò ñîâåðøåííîå
ïàðîñî÷åòàíèå òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî A ⊆ X âûïîëíåíî |A| ≤ |N(A)| (òåîðåìà
Õîëëà).
(20)

6. Èñïîëüçóÿ ÍÂÏ-ðàçëîæåíèå ðåøèòü ñèñòåìó ëèíåéíûõ óðàâíåíèé:
3z + 2u = −3
3u = −9
2x− y + u = 1
2x + 3y = 12.
(20)

7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 9õ9 ìàòðèö,
èñïîëüçóÿ 650 îïåðàöèé óìíîæåíèÿ è 2000 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè
äëÿ óìíîæåíèÿ n × n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìà
Øòðàññåíà?
(15)

8. Òðàíçèòèâíàÿ ðåäóêöèÿ îðèåíòèðîâàííîãî ãðàôà G=(V,E) � ýòî ãðàô G'=(V, E') ñ
ìèíèìàëüíûì ÷èñëîì ðåáåð, òðàíçèòèâíîå çàìûêàíèå êîòîðîãî Ñîâïàäàåò ñ òðàíçèòèâíûì
çàìûêàíèåì G. Ïîñòðîéòå àëãîðèòì íàõîæäåíèÿ òðàíçèòèâíîé ðåäóêöèè îðèåíòèðîâàííîãî
ãðàôà è îöåíèòå åãî ñëîæíîñòü.
(20)
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Âàðèàíò 13

1. Ïîñòðîèòü ñ ïîìîùüþ ïîèñêà â ãëóáèíó îñòîâíîé ëåñ è íóìåðàöèþ âåðøèí äëÿ îðèåíòèðîâàííîãî
ãðàôà G = (V,E), ãäå V = {v1, v2, v3, v4, v5, v6, v7, v8}
, E = {(v1, v2), (v1, v5), (v1, v6), (v2, v6), (v2, v3), (v8, v3), (v4, v8), (v8, v7), (v7, v4), (v4, v6)}.
Ïðèìåíèòü ê ýòîìó æå ãðàôó ïîèñê â øèðèíó è îïðåäåëèòü ñîîòâåòñòâóþùóþ íóìåðàöèþ.
(10)

2. Ïóñòü F - ýòî ëåñ, ïîñòðîåííûé àëãîðèòìîì ÏÎÃ äëÿ îðèåíòèðîâàííîãî ãðàôà G = (V,E).
Äîêàçàòü, ÷òî G - àöèêëè÷åñêèé ãðàô⇐⇒ (E \F ) íå ñîäåðæèò äóãè (v, w), â êîòîðîé âåðøèíà
w ÿâëÿåòñÿ ïðåäêîì âåðøèíû v â F .
(20)

3. Äîêàæèòå, ÷òî íà êàæäîì øàãå àëãîðèòìà Äåéêñòðû êðàò÷àéøèé ïóòü èç èñõîäíîé
âåðøèíû â ëþáóþ âåðøèíó ìíîæåñòâà S ïðîõîäèò òîëüêî ÷åðåç âåðøèíû ìíîæåñòâà S.
(20)

4. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â äâóäîëüíîì ãðàôå, èñïîëüçóÿ ñâåäåíèå ê çàäà÷å î
ìàêñèìàëüíîì ïîòîêå äëÿ ïðîñòîé ñåòè. G =< {v1, v2, v3, v4, v5}, {u1, u2, u3, u4, u5},
E = {(v1, u1), (v1, u2), (v2, u2), (v2, u4), (v3, u1), (v3, u2), (v4, u5), (v4, u3), (v4, u4), (v5, u3)} >.
(15)

5. Äîêàçàòü, ÷òî àëãîðèòì ÏÎÂÑ ìîæíî ðåàëèçîâàòü çà âðåìÿ O(|V | + |E|) (óêàçàíèå:
èñïîëüçîâàòü äëÿ ïðåäñòàâëåíèÿ ac è af íå ìàññèâû, à ñïèñêè, ñâÿçàííûå ñ äóãàìè ñåòè).
(20)

6. Ïðåäëîæèòå àëãîðèòì, êîòîðûé ïî ñåòè N è ìàêñèìàëüíîìó ïîòîêó â íåé fm íàõîäèò
òàêîå ðåáðî, óâåëè÷åíèå ïðîïóñêíîé ñïîñîáíîñòè êîòîðîãî ïðèâîäèò ê óâåëè÷åíèþ ìàêñèìàëüíîãî
ïîòîêà. Îöåíèòå åãî ñëîæíîñòü.
(20)

7. Íàéòè ÍÂÏ-ðàçëîæåíèå ìàòðèöû À:

A =


0 1 0 0
2 0 0 0
0 0 1 1
0 1 2 0


(20)

8. Ïóñòü ïðè âû÷èñëåíèè ïðîèçâåäåíèÿ áóëåâûõ ìàòðèö ìîæíî èñïîëüçîâàòü îïåðàöèè íàä
äâîè÷íûìè âåêòîðàìè. Ïîêàçàòü, ÷òî àëãîðèòì 4Ð ìîæíî ñ èñïîëüçîâàíèåì òàêèõ îïåðàöèé
âûïîëíèòü çà O(n2/ log n) øàãîâ.
(20)
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Âàðèàíò 14

1. Íàéòè ñèëüíî ñâÿçíûå êîìïîíåíòû îðèåíòèðîâàííîãî ãðàôà G = (V,E) :
V = {a, b, c, d, e, f, g, h};
E = {(a, d), (d, b), (b.a), (h, f), (f, g), (d, c), (c, f), (e, c), (g, e), (e, a)}
(10)

2. Ïðåäëîæèòå àëãîðèòì, îïðåäåëÿþùèé èìååòñÿ ëè â çàäàííîì íåîðèåíòèðîâàííîì ãðàôå
G = (V,E) öèêë çà âðåìÿ O(|V |).
(20)

3-4. Ñèñòåìà îãðàíè÷åíèé íà ðàçíîñòè � ýòî ñèñòåìà íåðàâåíñòâ âèäà:
(∗) xi − xj ≤ bk 1 ≤ i, j ≤ n, 1 ≤ k ≤ m ( çäåñü xi, xj � ïåðåìåííûå, bk � êîíñòàíòû ).

Ïðåäëîæèòå àëãîðèòì, äëÿ ïðîâåðêè ðàçðåøèìîñòè ñèñòåì âèäà (*) è íàõîæäåíèÿ èõ ðåøåíèé.
Óêàçàíèå. Ðàññìîòðèòå ãðàô G∗ = (V∗, E∗), ó êîòîðîãî V∗ = {v0, v1, . . . , vn},
E∗ = {(v0, vi) | 1 ≤ i ≤ n} ∪ {(v,vj) | xi − xj ≤ bk(∗)}.
Ïóñòü âåñà ðåáåð : c(v0, vi) = 0 (1 ≤ i ≤ n), c(vi, vj) = bk, åñëè xi − xj ≤ bk(∗).
Äîêàæèòå ñëåäóþùåå óòâåðæäåíèÿ:
à) Åñëè â ãðàôå G∗ íåò öèêëîâ îòðèöàòåëüíîé äëèíû, òî x1 = ρ(v0, v1), x2 = ρ(v0, v2), . . . , xn =
ρ(v0, vn) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (*).
á) Åñëè â ãðàôå G∗ åñòü öèêëû îòðèöàòåëüíîé äëèíû, òî ñèñòåìà (*) íå èìååò ðåøåíèé.
(40)

5. Ïîñòðîèòü, èñïîëüçóÿ àëãîðèòìÌÀÕÏ, òóïèêîâûé ïîòîê äëÿ ñëåäóþøåé (âñïîìîãàòåëüíîé)
ñåòè ( ôîðìàò: (v, u, c(v, u))) : (s, v1, 5), (s, v2, 7), (s, v3, 3), (v1, v4, 4), (v2, v5, 5), (v3, v6, 2),
(v2, v6, 3), (v4, t, 4), (v5, t, 4), (v1, v5, 1), (v6, t, 5).
(15)

6. Äîêàçàòü, ÷òî äëèíû âñåõ ïóòåé èç s â t âî âñïîìîãàòåëüíîé ñåòè AN(f) îäèíàêîâû è
ðàâíû äëèíå êðàò÷àéøåãî óâåëè÷èâàþùåãî ïóòè â N ñ ïîòîêîì f.
(20)

7. Èñïîëüçóÿ àëãîðèòì 4Ð, âû÷èñëèòü ïðîèçâåäåíèå áóëåâûõ ìàòðèö C = A ∗B :

A =


1 0 1 0
1 0 0 1
0 0 1 1
1 0 0 1

 B =


1 1 1 0
0 0 1 0
1 0 1 0
0 1 0 0


(15)

8. Íàñêîëüêî áûñòðî ìîæíî óìíîæèòü (kn × n)- ìàòðèöó íà (n × kn)- ìàòðèöó, èñïîëüçóÿ
àëãîðèòì Øòðàññåíà â êà÷åñòâå ïîäïðîãðàììû? À ñêîëüêî âðåìåíè óéäåò íà èõ óìíîæåíèå â
îáðàòíîì ïîðÿäêå?
(20)
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Âàðèàíò 15

1. Èñïîëüçóÿ àëãîðèòì ÄÂÓÑÂßÇ, íàéòè äâóñâÿçíûå êîìïîíåíòû ãðàôà G = (V,E):
V={1,2,3,4,5,6,7,8,9,10},
E={(1,2),(2,3),(2,4),(3,4),(4,5),(5,6),(5,7),(6,7),(7,8), (6,8), (6,9), (6,10),(10,9)}.
(10)

2. Îïðåäåëèì äëÿ îðèåíòèðîâàííîãî ãðàôàG = (V,E) åãî ãðàô êîìïîíåíò GK = (V K , EK)
ñëåäóþùèì îáðàçîì:
V K = {C | C − êîìïîíåíòà ñèëüíîé ñâÿçíîñòè G},
EK = {(C1, C2) | (v, u) ∈ E, v ∈ C1, u ∈ C2}.

Ïðåäëîæèòå àëãîðèòì, êîòîðûé ïî ãðàôó G ñòðîèò åãî ãðàô êîìïîíåíò GK çà âðåìÿ O(|V |+
|E|).
(20)

3. Ýéëåðîâ öèêë â íåîðèåíòèðîâàííîì ñâÿçíîì ãðàôå G � ýòî ïóòü, íà÷èíàþùèéñÿ è
êîí÷àþùèéñÿ â îäíîé âåðøèíå, êîòîðûé ïðîõîäèò ïî êàæäîìó ðåáðó ðîâíî îäèí ðàç.
G èìååò Ýéëåðîâ öèêë <=> ñòåïåíè âñåõ âåðøèí ÷åòíû.
Ïîñòðîéòå àëãîðèòì ñëîæíîñòè O(|E|) äëÿ íàõîæäåíèÿ Ýéëåðîâà öèêëà (ïðè óñëîâèè, ÷òî îí
ñóùåñòâóåò).
(20)

4. Ïîñòðîèòü, èñïîëüçóÿ àëãîðèòì ÌÀÕÏ, ìàêñèìàëüíûé ïîòîê äëÿ ñëåäóþøåé ñåòè
( ôîðìàò: (v, u, c(v, u))): (s, v1, 4), (s, v2, 2), (s, v3, 6), (v1, v4, 2), (v2, v5, 1), (v3, v6, 4), (v6, v2, 3), (v4, t, 4),
(v5, t, 4), (v1, v5, 5), (v6, t, 3).
(15)

5. Íàéòè óñòîé÷èâîå ïàðîñî÷åòàíèå äëÿ ìíîæåñòâà "æåíèõîâ"X = {x1, x2, x3, x4, x5} è "íåâåñò"
Y = {y1, y2, y3, y4, y5}, ïðåäïî÷òåíèÿ êîòîðûõ çàäàíû ñëåäóþùèìè ìàòðèöàìè:

σ(X) =


5 2 3 4 1
1 5 4 3 2
5 1 4 5 3
2 4 1 3 5
2 4 3 5 1

 σ(Y ) =


3 5 1 2 4
3 5 2 4 1
2 3 4 1 5
2 2 4 3 5
3 4 2 5 1


(20)

6. Íàçîâåì çàïàñîì ñâÿçíîñòè íåîðèåíòèðîâàííîãî ãðàôà ìèíèìàëüíîå ÷èñëî ðåáåð, êîòîðûå
íåîáõîäèìî óäàëèòü, ÷òîáû ñäåëàòü åãî íåñâÿçíûì. Íàïðèìåð, äëÿ äåðåâà ýòî ÷èñëî ðàâíî 1,
äëÿ ïðîñòîãî öèêëà � 2. ×åìó îíî ðàâíî äëÿ ïîëíîãî n-âåðøèííîãî ãðàôà? Êàêîâà ñëîæíîñòü
"ïåðåáîðíîãî"àëãîðèòìà äëÿ íàõîæäåíèÿ çàïàñà ñâÿçíîñòè? Ïîñòðîéòå àëãîðèòì âû÷èñëåíèÿ
çàïàñà ñâÿçíîñòè ïî ãðàôó, èñïîëüçóþùèé ñâåäåíèå ýòîé çàäà÷è ê çàäà÷å íàõîæäåíèÿ ìàêñèìàëüíîãî
ïîòîêà è îöåíèòå åãî ñëîæíîñòü.
(20)

7. Íàéòè ÍÂÏ-ðàçëîæåíèå ìàòðèöû À:

A =


0 0 0 5
0 0 −6 2
3 0 −3 0
4 4 20 0


(20)

8. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò àëãîðèòì, âû÷èñëÿþùèé ïðîèçâåäåíèå äâóõ 7õ7 ìàòðèö,
èñïîëüçóÿ 220 îïåðàöèé óìíîæåíèÿ è 420 îïåðàöèé ñëîæåíèÿ. Àëãîðèòì êàêîé cëîæíîñòè
äëÿ óìíîæåíèÿ n × n ìàòðèö ìîæíî áûëî áû òîãäà ïîëó÷èòü? Áûë áû îí ëó÷øå àëãîðèòìà
Øòðàññåíà?
(15)
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Âàðèàíò 16

1. Íàéòè ìèíèìàëüíîå îñòîâíîå äåðåâî äëÿ íåîðèåíòèðîâàííîãî ãðàôà G = (V,E), ãäå
V = v1, v2, v3, v4, v5, v6, v7, v8, v9,
E = {(v1, v2, 5), (v1, v3, 2), (v3, v2, 4), (v3, v4, 2), (v3, v5, 4), (v4, v6, 15), (v5, v4, 9), (v6, v1, 3), (v6, v8, 8),
(v6, v7, 15), (v7, v5, 10), (v7, v8, 7), (v8, v1, 7), (v8, v9, 4), (v9, v1, 6)}
(òðåòèé ïàðàìåòð â ñêîáêàõ - äëèíà ðåáðà).
(10)

2. Ðåáðî íåîðèåíòèðîâàííîãî ñâÿçíîãî ãðàôà íàçûâàåòñÿ ìîñòîì, åñëè ïðè åãî óäàëåíèè
ãðàô ïåðåñòàåò áûòü ñâÿçíûì.
À) Äîêàæèòå, ÷òî ðåáðî ãðàôà G ÿâëÿåòñÿ ìîñòîì òîãäà è òîëüêî òîãäà, êîãäà îíî íå âõîäèò
íè â êàêîé ïðîñòîé öèêë.
Á) Ïîñòðîéòå àëãîðèòì íàõîæäåíèÿ âñåõ ìîñòîâ ãðàôà çà âðåìÿ O(|E|).
(20)

3. Íàçîâåì çàïàñîì ñâÿçíîñòè íåîðèåíòèðîâàííîãî ãðàôà ìèíèìàëüíîå ÷èñëî ðåáåð, êîòîðûå
íåîáõîäèìî óäàëèòü, ÷òîáû ñäåëàòü åãî íåñâÿçíûì. Íàïðèìåð, äëÿ äåðåâà ýòî ÷èñëî ðàâíî 1,
äëÿ ïðîñòîãî öèêëà � 2. ×åìó îíî ðàâíî äëÿ ïîëíîãî n-âåðøèííîãî ãðàôà? Êàêîâà ñëîæíîñòü
"ïåðåáîðíîãî"àëãîðèòìà äëÿ íàõîæäåíèÿ çàïàñà ñâÿçíîñòè? Ïîñòðîéòå àëãîðèòì âû÷èñëåíèÿ
çàïàñà ñâÿçíîñòè ïî ãðàôó, èñïîëüçóþùèé ñâåäåíèå ýòîé çàäà÷è ê çàäà÷å íàõîæäåíèÿ ìàêñèìàëüíîãî
ïîòîêà è îöåíèòå åãî ñëîæíîñòü.
(20)

4. Íàéòè ìàêñèìàëüíîå ïàðîñî÷åòàíèå â äâóäîëüíîì ãðàôå, èñïîëüçóÿ ñâåäåíèå ê çàäà÷å î
ìàêñèìàëüíîì ïîòîêå äëÿ ïðîñòîé ñåòè. G =< {v1, v2, v3, v4, v5}, {u1, u2, u3, u4},
E={ (v1,u1),(v1,u2),(v2,u2),(v2,u4),(v3,u1),(v3,u3),(v4,u2),(v5,u3),(v4,u4)}>.
(15)

5. Ïðåäëîæèòå àëãîðèòì äëÿ ïðîöåäóðû ÏÐÎÒßÍÓÒÜ è îöåíèòå åãî ñëîæíîñòü.
(20)

6. Ïóñòü åñòü n ìóæ÷èí, n æåíùèí è m áðà÷íûõ êîíòîð, êàæäàÿ èç êîòîðûõ èìååò ñïèñîê
ìóæ÷èí è æåíùèí, ÿâëÿþùèõñÿ åå êëèåíòàìè (ñïèñêè ðàçíûõ êîíòîð ìîãóò ïåðåñåêàòüñÿ),
ìåæäó ëþáîé ïàðîé êîòîðûõ îíà ìîæåò óñòðîèòü áðàê. Äëÿ êàæäîé êîíòîðû i, 1 ≤ i ≤
m, çàäàíî ìàêñèìàëüíîå ÷èñëî b(i) áðàêîâ, êîòîðîå îíà ìîæåò óñòðîèòü. Ïîñòðîèòü ñåòü,
ìàêñèìàëüíûé ïîòîê â êîòîðîé ñîîòâåòñòâóåò íàõîæäåíèþ ìàêñèìàëüíîãî ÷èñëà âîçìîæíûõ
áðàêîâ.
(20)

7. Èñïîëüçóÿ àëãîðèòì Øòðàññåíà, ïåðåìíîæèòü äâå ìàòðèöû:

A =
(

2 6
−1 3

)
B =

(
4 5
3 6

)
(10)

8. Ïóñòü P è A � äâå (n×n) ìàòðèöû, ïðè÷åì P � ýòî ìàòðèöà ïåðåñòàíîâêè. Äîêàæèòå, ÷òî
ìàòðèöà PA ïîëó÷àåòñÿ èç A ïåðåñòàíîâêîé ñòðîê, à AP � ïåðåñòàíîâêîé ñòîëáöîâ. Äîêàæèòå,
÷òî P îáðàòèìà è P−1 = PT (îáðàòíàÿ ðàâíà òðàíñïîíèðîâàííîé).
(20)
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Âàðèàíò 17

1. Îïðåäåëèòü, èñïîëüçóÿ àëãîðèòì Áåëëìàíà-Ôîðäà, äëÿ çàäàííîãî îðèåíòèðîâàííîãî íàãðóæåííîãî
ãðàôà G = (V,E) è âûäåëåííîé âåðøèíû a äëèíû êðàò÷àéøèõ ïóòåé èç ýòîé âåðøèíû â
îñòàëüíûå âåðøèíû G è ïîñòðîèòü äåðåâî ýòèõ ïóòåé ëèáî âûÿâèòü äîñòèæèìûé èç à öèêë
îòðèöàòåëüíîé äëèíû.
V = {a, b, c, d, e}, E = {(a, b; 10), (a, c; 20), (a, f ; 40), (d, e;−25), (d, f ; 1), (b, c; 12), (b, d; 25), (b, e; 10),
(c, d; 10), (c, f ; 14)},
(çäåñü êàæäàÿ ñêîáêà (u, v;D) çàäàåò ðåáðî (u, v) ∈ E è åãî "âåñ"c(u, v) = D ).
(15)

2. Ìîäèôèöèðîâàòü àëãîðèòì Óîðøîëëà-Ôëîéäà òàê, ÷òîáû ïîñëå åãî çàâåðøåíèÿ ìîæíî
áûëî çà âðåìÿ O(|V |) íàéòè êðàò÷àéøèé ïóòü ìåæäó ëþáîé ïàðîé âåðøèí.. (Ñëîæíîñòü "ïî
ïîðÿäêó"íå äîëæíà óâåëè÷èòüñÿ).
(20)

3. Ñêàæåì, ÷òî d-ìåðíûé ÿùèê ðàçìåðà (x1, x2, . . . , xd) âêëàäûâàåòñÿ â ÿùèê ðàçìåðà
(y1, y2, . . . , yd), åñëè ñóùåñòâóåò òàêàÿ ïåðåñòàíîâêà i1, i2, . . . , id èçìåðåíèé 1, 2, . . . , d, äëÿ êîòîðîé
xi1 ≤ y1, xi2 ≤ y2, . . . , xid

≤ yd.
a) Äîêàæèòå, ÷òî îòíîøåíèå "âêëàäûâàåòñÿ â" òðàíçèòèâíî.
á) Ïðåäëîæèòå àëãîðèòì ïðîâåðêè ýòîãî îòíîøåíèÿ.
â) Ïóñòü äàíî n d-ìåðíûõ ÿùèêîâ. Ïðåäëîæèòå àëãîðèòì äëÿ îïðåäåëåíèÿ ñàìîé áîëüøîé

ïîäïîñëåäîâàòåëüíîñòè âëîæåííûõ ÿùèêîâ (ìàòðåøêè èç ìàêñèìàëüíî âîçìîæíîãî ÷èñëà ÿùèêîâ).
Îöåíèòå åãî ñëîæíîñòü.
(25)

4. Ïîñòðîèòü âñïîìîãàòåëüíóþ ñåòü è òóïèêîâûé ïîòîê â íåé äëÿ ñëåäóþùåé ñåòè ( ôîðìàò:
(v, u, c(v, u), f(v, u))) : (s, v1, 7, 4), (s, v4, 3, 1), (s, v6, 4, 2), (v1, v2, 6, 5), (v2, v3, 8, 4), (v2, v4, 1, 1),
(v2, v5, 4, 3), (v3, v5, 3, 2), (v3, t, 4, 3), (v5, t, 6, 5), (v5, v7, 1, 1), (v7, t, 2, 1).
(15)

5. Ïîêàçàòü, ÷òî äëÿ ïðîñòîé ñåòèN ñ ïîòîêîì f , èìåþùèì çíà÷åíèÿ 0 èëè 1, âñïîìîãàòåëüíàÿ
ñåòü AN(f) ÿâëÿåòñÿ ïðîñòîé.
(15)

6. Äîêàçàòü, ÷òî äëèíû âñåõ ïóòåé èç s â t âî âñïîìîãàòåëüíîé ñåòè AN(f) îäèíàêîâû è
ðàâíû äëèíå êðàò÷àéøåãî óâåëè÷èâàþùåãî ïóòè â N ñ ïîòîêîì f.
(20)

7. Èñïîëüçóÿ àëãîðèòì 4Ð, âû÷èñëèòü ïðîèçâåäåíèå áóëåâûõ ìàòðèö C = A ∗B :

A =


0 1 1 0
0 1 0 1
0 0 1 1
1 1 0 1

 B =


1 1 1 0
1 0 1 0
1 0 1 0
0 1 1 1


(10)

8. Íàñêîëüêî áûñòðî ìîæíî óìíîæèòü (kn × n)- ìàòðèöó íà (n × kn)- ìàòðèöó, èñïîëüçóÿ
àëãîðèòì Øòðàññåíà â êà÷åñòâå ïîäïðîãðàììû? À ñêîëüêî âðåìåíè óéäåò íà èõ óìíîæåíèå â
îáðàòíîì ïîðÿäêå?
(20)
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